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STATISTICS IN MICROBIOLOGICAL ASSAY

By Lila F. Knudsen
Food and Drug Administration, Washinglon, . C.

It is the purpose here to give a brief explanation of the logic and common
sense that serve as a basis for the statistical metHods applicable to 1esults
obtained from microbiological assays. Inan attempt to present a simplified
explanation, only a few formulas and illustrations are cited, and these to
illustrate important classes of technics that are now in general use. Bacteri-
ologists and biochemists are prone to avoid the use of computations involv-
ing complicated mathematical formulas. Fortunately, these are not neces-
sary. Simpler formulas are often a satisfactory compromise and can be
used to obtain hoth an estimate of potency from a set of assay data and

., some measure of the precision of that estimate. There are, of course, ;
5 several different ways they may be expressed. The use of “short cut” y
statistical procedures often helps to reduce either the series of determina-
tions required to give a desired precision or the number of assays necessary ;
to give assurance as to acceptability of a given lot of material. Saving time |
by this means makes for greater efficiency and better utilization of an ana- :
lyst’s time in any analytical laboratory. Also, the use of shortened calcula-
tion procedures means that more time can be devoted to additional assays.

The applied statistician is continually beset with requests to simplify
these calculations so that they may be easily applied by laboratory tech-
nicians. The original procedures rest on certain assumptions, and still
others are required in their simplification. The latter assumptions are
usually easier to test, and the validity of those underlying the simplifications
presented here has been the subject of appropriate tests. Statistics can also
be invaluable in giving an objective measure of the validity of an assay by
means ‘of testing the linearity of the dosage-response curve, where such
linearity is assumed, or testing whether the slope of the dosage-response
curve is significantly different from zero. However, no attempt will be
made to discuss this phase of statistical methods. Further detailed pro-
cedures can be obtained from some of the references given at the end of this
discussion.

In general, there are at least three statistical approaches commonly ap-
plied to the results of microbiological assay for calculating (1) an estimate of
the potency, and (2) some measure of how much variation may be expected
in a number of estimates of the potency of a given substance assayed in the
same Jaboratory. These three approaches depend on the type of response in
a particular assay: (1) assays having an undefined dosage-response relation-
ship, such as these involving a daily standard curve relating dose and
response; (2) assays, such as that for nicotinic acid, involving a linear re-
lationship between dose and response and the straight lines for standard
and unknown intersect at zero dose; and (3) assays, such as the penicillin
plate assay, wherein there is a linear relationship between the response and
the logarithm of the dose but with parailet straight lines for standard and
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unknown. In all three types, estimates of the precision of the assay po-
tencies may be determined, as well as estimates of the potency itself. The
first type is Lo be avoided whenever possible, however, since it does not make
efficient use of all the data in obtaining estimates of potency and precision.

In the illustrations given here, it is taken for granted that preliminary
work has established that linear relationships exist where they are assumed
to be, and that the unknown gives the same type of response as the standard.

An estimate of the precision of the method as applied to one laboratory’s
results—or how closely one laboratory can check its own results—is usually
given by the standard error of the assay. This measure of precision cannot
be sald to hold from one laboratory to another, unless the method has been
studied collaboratively, and it can be demonstrated that the one laboratory
can check the other’s results as closely as it can check its own. This is true
of chemical and physical methods as well as those of microbiological and
biological assays.

The first type of microbiological assay procedure, and one that is in
commeon use, involves the standard curve. This type of assay gives an
estimate of the potency and, as will be shown here, can be used to give a
fair estimate of the standard error of the assay, even though it is a very

inefficient use of the amount of information given by the assay. In some

instances, however, such as the turbidimetric assay of streptomycin, the
dosage-response curve of which is shown in FIGURE 1, it seems to be the
only procedure that can be used, since no simple transformation has been
found as yet that will make the dosage-response curve linear. The official
method used by the Food and Drug Administration for turbidimetric assay
of streptomycin will serve as an illustration. Since the official description
can be found in the Federal Register for April 4, 1947, only the statistical
part of the assay will be given here.

A solution containing a definite amount of the standard is prepared and
labeled as containing “100 per cent of standard.” Eight additional solu-
tions are made to contain 60, 70; 80, 90, 110, 120, 130, and 140 per cent of
standard. A solution of the unknown is prepared to contain an amount
equivalent to 100 per cent of “‘standard,” on the basis of its assumed potency.
Six tubes are used for each level of the standard and for the one level of the
unknown. After inoculation with the proper bacteria and incubation for
the proper period, efc., the light-transmission reading (labeled on ¥IGURE 1 as
“turbidimetric response”) is made on a photo-electric colorimeter. The
colorimeter is adjusied so that the series of tubes containing 60 per cent of
the standard will have a light transmission reading of about 10 and the
series containing 140 per cent of the standard will have a reading of about 90.
A record is made of the turbidimetric response for each tube, as shown in
TABLE 1. These responses are then plotted on cross-section paper against
the dilution as a percentage of “standard.” Two calculations are made for
the responses to each dilution: the average and the range (the latter is the
difference between the highest and the lowest results on a single dilution).
The standard curve, as shown in FIGURE 1, is drawn by connecting the
averages with straight lines, The potency of the unknown is read from the
“eurve.”
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Figune 1. Standard curve for turbidimetric assay of streptomycie.

Taprs 1
% Standard Turbidimelric vesponse ig;‘:f; Range
140 o0 90 %0 oG 90 90 90. 0
130 87 82 82 83 82 81 82.8 6
120 78 77 18 18 78 79 78.0 2
110 72 76 66 64 69 70 68.5 8
100 60 53 58 55 55 55 56.0 7
90 42 38 38 38 35 33 37.6 7
80 ) 25 22 23 23 22 25 23.0 3
70 15 11 11 11 8 11 11.1 7
60 4 5§ 5 3 &6 5 5.0 2
Unknown. .. . . 61 51 55 52 56 56 | ss.1 10

For the unknown illustrated here (on the response scale only}, the potency
is 99.5 per cent of the standard. A notation is made of the two doses of
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standard between which the response to the unknown falls. For purposes of
calculation, these average responses are labeled Sy and 8;. The average
response to the unknown is labeled U. Quite simple formulas may be de-
veloped for calculation of the potency and the standard error of the assay,
for example,
potency = X + S—Y ,
»

where X is the dose halfway between the doses corresponding to Sy and S,
V=2U— Sz — S, and W = Sy — 5. An approximation to the stand-
ard error of the assay can be calculated by the formula:

standard error of the assay = [%?’-I—{ 1/ 34 \_‘1\% ,

where R is the sum of the ranges (R = Rgy 4+ Rgr + Ru).  The maximum
value of the quantity under the square root sign is 4, and the minimum is 3.
Using the maximum value:

standard error of the assay = 18R .

W

To illustrate how these formulas work, the data obtained in the previously
cited assay may be substituted to obtain potency and standard error:
R=7474+10=24; W =560 — 37.6 = 184;and V = 2 (55.1) — 56.0
. — 376 = 16.6. Thus,

_ 5(16.6)
potency = 950 + T 99.5,
1.86(24)
.and standard error of the assay = i = 24

This fermula has been found to give a very good estimate of how closely
an estimated potency can be checked from one time to another (see Qswald
and Knudsen).

The second type of microbiological assay yields a linear relationship be-
tween dose and response, and the dosage-response lines for standard and
unknown iniersect at zero dose. The potency is the ratio of the slopes of
the two lines. This situation can be stated by the equation Y = ¢ + X,
where the intercept ¢ is the same for standard and unknown and the slope &
differs. Finney and Wood have described this type of assay as applied to
nicotinic acid. The simplest they describe is the 3-point assay with an
equal number of observations on each point, as shown in r1cure 2. Using
the assumed potency of the unknown, its dose is adjusted so that it is equal
to the dose of the standard. Since equal doses are assumed, the potency
can be calculated by dividing the difference between the response to the un-
known and the response at zero dose by the difference between the response
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to the standard and the response to zere dose. The potency and standard
error of the assay can be calculated as follows:

U -5

S: — S

2R+/1 2B + ®?
D(S, — So)v2n

where n = no. of observations for each average, R = average of ranges of
the three groups, and D = number of std. devtition units in the average

potency = B =

and standard error of assay =

o
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N
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0 ! 2

DOSE

F16URE 2. A three-point assay of nictonic acid,

range (D = 2.059 for n = 4). These are slightly different from the equa-
tions given by Finney and Wood, in that the range divided by the appropri-
ate figure D has been substituted for the standard deviation (this can be
done with little loss of efficiency for values of 1 Jess than 10). For values of
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n, other than n = 4, values for D can be found in several texts (such as
Snedecor’s Stalistical Methods, Table 5.5) and in Karl Pearson’s Tables for
Statisticians and Biometricians, I1: 165. The value of D can also be found
from the order statistic-expectation table in Fisher and Yates’s Tables Jor
Statisticians and Biomelricians, Table XX, where D equals twice the score for
the first member of the sample.

Uu
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=i 0 i

L OG DOSE

Ficure 3. A three-dose penicillin assay

The third type of assay cited usually involves two or more doses each of
the standard and the unknown, with equal logarithmic intervals between
the doses. This can be illustrated by FIGURE 3. Here, the dosage is three
of the unknown (low, medium, and high doses), whose responses are labeled
Ur, U, and Uy, and three of the standard, whose responses are labeled Sy,
Sm, and Sg.  The difference between the logarithms of the doses isi. This
approach can be illustrated by the equation: Y = ¢ 4 5 log X, where the
slope & is the same for standard and unknown, but « differs.

F1eUre 4 shows a two-dose assay (two doses on each of standard and un-
known). It is based on the penicillin cup-plate assay, wherein the measuare of
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response is the diameter of the zone of inhibition of growth of the test organ-
ism. Relative potency is usually calculated as the ratio between the doses
of standard and unknown that result in equal responses.

In terms of logarithms, this ratio is a difference—the horizontal distance
M between the two parallel lines in FIGURE 4. The slope of a line is equiva-

UL=S + Uy~Sy _ v
2 2

Sy-S,

RESPONSE

LOG DOSE

FicuRk 4. Two-dose penicillin cup-plate assay,

lent to the change in response for a unit change in log dose. In this case,
. (UH_UL)+(SH—SL) W
slope = T = 5

As can be seen in FIGURE 4, however, the slope is also equal to the vertical

distance between the lines divided by M. Therefore, since the vertical
distance between the lines can be calculated as

vertical distance = Ur — SL_; Un = Su e g,

then
M — Yertical distanice v
slope w’

and potency as per cent of standard = antilog (2 + M),

[ ——

—— e e
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There are many different mathematical ways of stating the formula for
the potency in this type of assay, but all are based on similar reasoning. The
slope involved in assays having 3 or more doses is usually calculated by
least squares, and the formula for the vertical distance between the two
parallel lines usually invelves the slope.

FIGURE 4 represents one plate of a four-plate assay. The standard error
of this type of assay can be calculated by considering the variation between
plates. It can be calculated from the formula, *

X 2 2
standard error of assay = l-{E(%?l—_w) R R‘}y ,

where k = 2.3026 i4/1n/D, n = the number of plates, and, as before, D is
the average number of standard deviations in the range. (Forn = 4 and
= 0.602, k = 1.3464.)

TaBLE 2
PeNiCILLIN PLATE AssAY; RaTio oF Doses = 4:1

Pi 5t S _u;, o 2 od ( 4110! ) { _’-';:‘0?‘ )
ale no. eslimal estimal %y, ) | S g) —
025wl LOU/ML| 6 25 wpml| 10 ufml | (n -+ su) | (oo 4 )

mm wmH mm nmn

1 16.0 22,5 15.0 20.0 —-3.5 1t.5

2 16.2 22.5 14.5 19.5 —4.7 11.3

3 16.0 22.5 15.0 22.0 —-1.5 13.5

4 15.0 22.0 i4.0 21.0 —2.0 4.0
Sum......... 63.2 89.5 58.5 8§2.5 | ~11,7=V 0.3 =W
Range....... 3.2=R, 2.7 = R,

The values of v and w are calculated as given in Frcure 4. For a four-
plate assay, one value of v and w is calculated for each plate. R, is the
highest value of v minus the lowest value and is called the range of the v’s.
Ry isin the range of the values of w. The value of V is the sum of the values
of v for individual plates and W is the swn of the values of w.

TanLe 2 may clarify the method of handling data obtained by this type
of assay. Herei= 0.602, V= —11.7, W = 50.3, R, = 3.2, and Ry, = 2.7.
Substituting the values in the equations for potency and standard error of
the assay we obtain

602 (—117)

M = — 53 = —0.1400.

Potency as % of standard = antilog (2 — 0.1400) = 72.4.

Standard error of the assay = W_%‘%%Eﬂ /‘/ (3.2)r + %%-};D: -

Standard error of the assay = 6.3.
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These values can also be obtained by using a chart, such as shown in FIGURE
5, for obtaining potency from V and W and the nomograph for obtaining the
ratio of the standard error of the assay to the potency, as shown in FIGURE 6.

If a routine assay procedure is conducted in the laboratory, it may be
possible to have the assay results in statistical control, so that control charts
can be kept on the values W and Ry, such as shown in ¥roure 7. Here the
data obtained from each assay are plotted against time. The average
values over this period of time are calculated and plotted as horizontal
straight lines. “Control limits” are calculated from the variation indicated
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F:c‘}az 5. Chart for determining potency a5 a percentage of the standard from the two-dose plate method,
where the ratio of high and low doses is 471,

within an assay, and these control limits are plotted as horizontal dotted
lines. If the assays are in control (4.c., within the dotted lines), the average
value of W can be used. Thus, the chance variation in W, the average
value of W, becomnes very small and can be-disregarded, and the formula for
the standard error of the assay becomes

kR. (potency)
W .

Thus, for a series of assays in statistical control over a period of time, the
standard error of the assay is a.more or less constant percentage of the
potency.

It is possible to show the effect of the size of the standard error of the

standard error of assay =
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assay on the type of material determined to be acceptable by a Jaboratory’s
routine assay procedure. Every laboratory has a working limit for routine
assays such that, if the potency result from an assay should fall above that
limit, the lot or batch from which the sample was taken is regarded as pass-
ing and, if the potency result from the assay of a sample falls below that
limit, the lot or batch is regarded as failing. In some cases, there are both
lower and upper limits. For instance, lots may be rejected if the assayed
potency is greater than & 20 per cent from the standard, as in the case
U. 8. Pharmocopeia specification for digitalis. »

In making a decision about a batch or lot of materials where that decision
is on the basis of the results of an assay, two kinds of errors may be made:
(1) one may decide to accept a lot when it should be rejected (i.e., when an
average of many assay results would result in its rejection); (2) one may
decide to reject a lot when it should be accepted.

R .= . &
L ]
L]
[ ]
L ]
L]
4
o
L ]
L]

Fscure 7. Control charts for two-dose, four-plate periciliin assay.

Suppose we consider only a lower limit and assume that the standard error
of the assay is 10 per cent. We can then calculate the probabilities of making
these wrong decisions. A product will be accepted half of the time (P = .50
on FIGURE 8), if its potency, as measured by an infinite number of deter-
minations at that laboratory (here it is labeled “real potency,” but it may
not be true potency), is at the acceptance limit. Lots whose “‘real potency”
at that laboratory is 10 per cent below the limit will be accepted 15 per cent
of the time, and lots whose “real potency” at that laboratory is 20 per cent
below the limit will have a probability of acceptance of 0.01. Likewise,
lots whose “real potency,” as measured at that laberatory, is 20 per cent
above the limit will be accepted 97 per cent of the time and rejected 3 per
cent of the time, and lots 10 per cent above the limit will be rejected 17 per
cent of the time. This type of graph is called an “operating characteristic
curve.” It is one way of showing how closely a laboratory can expect to
check its own results,
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Suppose, however, that the standard error of the assay was 5 Instead of
10 per cent and the same lower limit was set for “passing’’ or “failing" ma-
terial; then the operating characteristic curve will be shown as in rrourg 9.
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The amount of material accepted at the acceptance limit will still be 50 per
cent, but 10 per cent below the limit, only 2 per cent of the lots will be ac-
cepted, instead of 15 per cent, as shown on ¥IGUrE 8. At 5 per cent below
the limit, 15 per cent of the lotswill be accepted. At 3 per cent above the
limit, 16 per cent of the lots will be rejected. At 10 per cent above the limit,
only 3 per cent will be rejected, as contrasted to 17 per cent in FIGURE 8.
If the standard error of the assay is still 5, but a batch is accepted as up to
standard or rejected as being below standard on the average of 3 assays in-
stead of on the results of a single assay, the operating chgracteristic curve
will be as shown in r1cUrE 10. Here, only 3.8 per cent of the lots whose
real potency (as measured by that laboratory) is 5 per cent below the limit
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Ficure $0. Operating characteristic curve for an ZIS'S:l.yl procedure, where the standard error of the assay
equals 5 per ceat and acceptance or rejection of the lot is based on the average of three assay results.

will be accepted and only 4.6 per cent of the lots whose real potency is 5 per
cent above the limit will be rejected.

To operate efficiently in an assay laboratory, one should know the chances
of rejecting a “good” lot and passing a “bad” lot. In order to do this, one
must have an estimate of the precision of a particular assay at one’s labora-
tory. Statistical methods can play an important part in giving an ob-
jective estimate of precision rather than relying on very subjective “im-
pressionistic statistics.”

In summary, statistical methods can be applied to various types of
microbiological assays. These methods can be greatly simplified, so that
they can be easily utilized in the laboratory. In all instances, common
sense and logic must be used in applying the statistical method.

An admonition from D. J. Finney will serve to emphasize the need for
caution in selecting the proper statistical approach: “The unwary are fre-
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quently.entrapped by forgetting that the possibility of performing certain
arithmetical operations provides no guarantce that the corresponding sta-

tistical technique is appropriate to the data.”
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